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The generalized binomial coefficients (“,) are defined by 
Gum + R)ICAUm) = i c (:I CK(R)/Cx(zm), 
k-0 I 
where the C,(R) are the zonal polynomials of the m x m matrix R. In this paper 
some simple expressions are derived which allow straightforward calculation 
of a large number of these coefficients. 
1. INTRODUCTION AND SUMMARY 
Let R be an m x m symmetric matrix and let X = (II , l2 ,..., I,), 
4 3 4 3 “.>l,>O and K=(kl,k2,...,k,), k,>k,>...>k,>O be 
partitions of the integers I and k, respectively (k < I). The generalized binomial 
coefficient (2) is defined to be the coefficient of C,(R)/C,(I,) in the “binomial” 
expansion 
(1.1) 
where C’,(R) is the zonal polynomial of R corresponding to the partition K of k 
into not more than m parts (see [2, 31). These coefficients are of theoretical 
importance in multivariate analysis and they occur, e.g., in the noncentral 
distribution of Hotelling’s generalized To2 statistic [2] and in certain moments 
derived from the noncentral means distribution [6]. They have been tabulated to 
k = 4 in [2] and to k = 8 in [6]. Although reasonably general methods for 
computing zonal polynomials are now available [3,4], little has been done in 
the way of deriving formulas by means of which the generalized binomial 
coefficients can be calculated. Some progress in this direction has been made by 
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Bingham [l]. In this paper some simple expressions are given which allow 
straightforward computation of a large number of the coefficients. 
2. SOME EXPRESSIONS FOR THE COEFFICIENTS 
We first note that the generalized binomial coefficients have two well-known 
properties. 
(i) Since C,(R) = 0 for any partition K of k into more than m nonzero 
parts, it is clear from (1.1) that (I?) can be defined for partitions into any number 
of parts, and hence can be regarded as being independent of m. 
(ii) If h = (II , Za ,...,) and K = (k, , K, ,...,) are partitions of 2 and k, 
respectively (R < Z), then it can easily be shown that (1) = 0 if li < Ki for any 
i = 1, 2 ,..., . 
Now, corresponding to the partition K = (k, , K, ,...,) of k, let 
be a partition of k + 1, wherever it is admissible, i.e., so long as the parts are in 
nonincreasing order. Then, if h is a partition of k + 1, it follows from (ii) that 
(2) is nonzero only if h = Ki for some i. We will start by deriving expressions 
for the (2). The derivations depend heavily on the following lemma, given by 
Muirhead [S]. 
LEMMA 2.1. 
(2.1) 
2 (I(i)(2k+- 
isI K 
i + 1) C,,(L) = 2W + 1) C+&J. (2.2) 
Now, since 
CJL)/Wm) = (m + 24 - i + 1) xrzKcl(lWk + 1) xdl) (2.3) 
where xlaK1(l) is the dimension of the representation [2~] of the symmetric 
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group on 2k symbols (see [3], p. 478) we obtain, on substituting for C,Jl,,J from 
(2.3) into (2.1) and (2.2), the two equations 
; (3 ( * + 2b - i + 1) xb&) = *@ + 1)G + 1) xkd), (2.4) 
C (z) (%i - i + I)(* + 2b - i + 1) xfzr,~(l) = W + 1)(2k + 1) xk&l). 
2 
(2.5) 
In (2.4) and (2.5) there is no longer any restriction on the number of nonzero 
parts of the partition K and the summation is over all i such that tci is admissible. 
Now, (2) is independent of m by (i), and so equating coefficients of m on both 
sides of (2.4) gives 
7 (?) xt2K‘lu) = (k + 1w + 1) xdl)* 
while equating the constant terms in (2.4) gives 
T (2) Pi - i + 1) xt2KJ(l) = 0. 
Similarly, equating the coefficients of m on both sides of (2.5) gives (2.7), while 
equating the constant terms in (2.5) gives 
T (;) (24 - i + 1)’ xtz&) = Wk + 1)(2k + 1) x[Al). (2.8) 
If the partition K is such that it gives rise to at most three admissible Ki’S, then 
solving the simultaneous Eqs. (2.6), (2.7), and (2.8) gives formulas for the (z), 
once the ~~~,,l(l) terms have been obtained using Eq. 19 of [3]. The details are 
straightforward and are omitted. The results obtained are now summarized. 
THEOREM 2.1. 
(a) Let K = (k - j, j), k > 2j, so that 
Kl = (k -j i- l,j), Kz=(k-j,j+l), ~~=(k-j,j,1); 
then 
KI 
( 1 K 
= (UC - 2j + 3)(k - 2j + 1)/(2k - 4j + 3), 
0 K2 =2(j+ l)(k-2j)/(2k-4j- l), K 
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and 
(Note that if k = 2j, K2 is not admissible and (2) = 0, and if j = 0, Kg is not 
admissible and (2) = 0.) 
(b) K=(k-j,lj),k-j>l,sothat 
K1 = (h -j + 1, Ii), 
then 
K2 = (h - j, 2, I’-‘), IQ+2 = (k - j, I’+‘); 
KI 
0 K = (k - j)(2k - j + 2)/t% -i), 
K2 0 K = 2(j + 3)(k - j - 1)/(2k - 2j - 3)(j + l), 
and 
Kj+2 ( 1 = (2k - j)(j + 1)/(2K - j - 1). K 
(Note that if k - j = 1, K2 is not admissible and (?) = 0.) 
Some of the results given in Theorem 2.1 verify the conjectures of Pillai and 
Jouris [6]. The result can be further extended using the following. 
LEMMA 2.2. If h is a partition of 1 and K is a partition of k( <l), then 
c(“)(ui) =(‘-Q). i Ka K (2.9) 
Proof. Let R, ,..., R, be the latent roots of the m x m symmetric matrix R; 
then [4] 
f-i Ra 9 = b?,(R). (2.10) 
Putting R = I + T and letting tl ,..., t, be the latent roots of T, (2.10) becomes 
f (1 + 4) 
aC,(I + T) 
at, 
= lC,(I + T). 
i=l 
(2.11) 
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Substituting (1.1) in (2.11) and simplifying using (2.10), we then obtain 
(2.12) 
Now 
(2.13) 
(see [5]), where, if K = (k, , k, ,..., k,), then Kc’) = (k, , k, ,..., ki -  1, ki+r ,..., k,), 
provided it is admissible. Substituting (2.13) in (2.12) and equating coefficients 
of C,(T)/C,(I) on both sides of the resulting equation gives the required result. 
Using the results of Theorem 2.1 and Lemma 2.2 we then have the following. 
THEOREM 2.2. 
(a) Let K = (k - j,j) be a partition of k and let u = (k - j + s;j) and 
p = (k - j, j + s) be partitions of k + s for any integer s > 1; then 
(5 
0 K = .+ %fj (2k - 2j + 2i + l)(k - 2j + i)l(2k - 4j + 2i + 1) 
(3 = +j (2j + 2i)(k - 2j - i + 1)/(2k - 4j - 2i + 1). 
(b) Let K = (k - j, lj) be a partition of k and let cr = (k - j + s, lj) and 
p = (k - j, Ijfs) be partitions of k + s for any integer s > 1; then 
u 
0 
= (2k - j + 2s) ,’ 
K s ' ( 2 k - j )  ~(k-j+i-ll)y i 1 
and 
P 
0 
= (2k - j+s- 1) ’ 
K s!(2k-j- 1) !j(j+‘)’ Z-l 
Proof. To prove the first equation in (a) we note that if h = (k - j + 2, j) 
then (1,) = 0 except when i = 1 (property (ii)). Thus, by Lemma 2.2 
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which can be obtained from (a) of Theorem 2.1. Repeated application of this 
technique yields the expression for (3 given. (Note that the fact that (i) 3 1 is 
used.) The proofs of the other three expressions follow in a similar manner. 
Remark. Another equation similar in form to (2.1) and (2.2) is 
f (“i) (2ki - 
i-1 K 
i + 1)2 C,,(l,,J = 2(k + 1)(2&J + k(m + 1)) ‘G(I) (2.14) 
([S], Eq. 4.13), where al(~) = CL, ki(ki - i). Substituting for (2.3) in (2.14) 
and equating coefficients of m on both sides of the resulting equation gives (2.8), 
while equating the constant terms gives 
i + 1j3 x[sr~~V) = W + 1)W + 1)&,(K) + 4 xrs#). (2.15) 
The four Eqs. (2.6), (2.7), (2.8), and (2.15) can then be used to obtain expres- 
sions for the (2) in the case where the partition K gives rise to at most four 
admissible Ki’S. The results obtained are similar to those given above. 
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